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an atomic gas at the onset of Bose-Einstein condensation.
In this case we can set A = 1 and yet ignore the ground
state. By using g(nf ) = n~>'?q we then find, from Eqs. (6)
and (8),

N/N=n[n=*? —(n + 1)"*21/£(3/2), (13)

with¢ the Riemann zeta function, § (3/2)~2.612. Thus the
fraction of atoms in orbitals of occupancy n depends only
on n: N,/N~0.25, N,/N~0.12, N;/N~0.08, etc.

The results (4)-(7) apply even to the region of Bose-Ein-
stein condensation [characterized by N /¢ > {(3/2) for an
atomic gas] in which the average number M of molecules in
the ground state is macroscopically large. This may seem
paradoxical since there is no sign of any special behavior of
N, around n = M. The explanation is that the fluctuation
of the number of molecules in the (nondegenerate) ground
state, (M2 + M )"2, is itself macroscopically large. In fact,
the probability of finding » molecules in the ground state
decreases with #, but only very slowly: it is (M + 1)~ for
n = 0 and approximately e (M + 1)~ for n = M, for ex-
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ample. The contribution to N, from the molecular ground
state has a very flat maximum near n = M.

Outside the region of Bose-Einstein condensation the
average values N, and fluctuations N, form a conceptual-
ly interesting characterization of the quantum corrections
to an ideal boson gas. The expressions (6) and (7) apply to
open systems but we expect them to hold to a good approxi-
mation also for closed isothermal or isolated systems (with
the appropriate definitions of x and 8 ) with the exception of
the expression for SNV,.
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Quantum theory has been criticized for not being deterministic and therefore not universal: it
cannot completely describe a measurement aimed at verifying its predictions (although any given
apparatus can be considered as a quantum system). We investigate the possible alternatives.
Theories where the observed world is deterministic but the observer is not (whatever the reason
for that) lead to Bell’s nonseparability theorem. If, on the other hand, the observer too is
deterministic, the theory is not verifiable. It follows that quantum theory must be the logically
preferred option. Its inability to completely describe the measurement process appears to be not a
flaw of the theory but a logical necessity which is analogous to G6del’s undecidability theorem.

I. THE AMBIVALENT OBSERVER

Despite its uncontested success, quantum theory has
been considered as somewhat unsatisfactory by many dis-
tinguished physicists, including some of its creators.' The
difficulty lies in the description by the theory of experimen-
tal observations. Indeed, we know that apparatuses are
made of atoms and we known in principle how to analyze
their behavior by means of Schrédinger’s equation. How-
ever, the “collapse of the wave function”—the unpredicta-
ble selection of one component of a superposition (or mix-
ture}—cannot be described by Schrodinger’s equation, or
any other linear equation.

To trace the root of the difficulty, we first note that we
have tacitly divided the world in three parts: (a) the physical
system, the properties of which are being investigated, (b)
the laboratory equipment interacting with it (conventional-
ly called “‘the observer”), and (c) the rest of the world, which
we ignore because we consider it as irrelevant.

The “system” is described by quantum theory, and its
dynamical variables form a noncommuting algebra. The
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various ways to prepare it are represented by rays in a Hil-
bert space, whereupon the dynamical variables can be re-
presented by linear operators. Consider one such operator,
P, with eigenvalues 0 and 1. The measurement of P (that is,
a macroscopic procedure ending in “0” or “1,” which our
rules of interpretation call the “measurement of P} pro-
ceeds as follows™:

We couple the system, prepared in a state 3, with the
observer, so that together they form a single dynamical
quantum system. A suitable Hamiltonian for this compos-
ite system might be

H= Hsys + Hobs - lﬁs(t - tO)P a/aev (1)

where 6 is a dynamical variable of the observer, for exam-
ple, the angular position of a pointer. Just before the obser-
vation time #,, the observer state ¢, is peaked around, say,
€ = 0 and the composite system is in the state ¢q1.

Immediately after the observation, the state has evolved
into

$oll — Py + exp( — 3 /36 \g Py
=¢o(l — P + ¢,Py. 2)
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Note that ¢, = exp( — /90 )¢, is sharply peaked around
6 = 1, i.e., the pointer is aiming toward the value 1.’

At this stage, it is customary to assert®® that, as the
states ¢, and ¢, are macroscopically different, it is impossi-
ble to observe their relative phase. Therefore the wave func-
tion (2} actually represents a mixture (not a coherent super-
position) and can be interpreted as a classical ensemble of
apparatuses with pointer positions at 0 or 1. On the other
hand, it can be argued®'® that it is not really impossible to
observe the relative phase of ¢, and ¢,, that this is only very
difficult, but that if we try hard enough we should be able to
display interference effects between the two components of
Eq. (2). In other words, Eq. (2) is not the explanation of a
measurement, whereby the wave function suffers an irre-
versible change.

Anyway, even if we accept Eq. (2) as the description of a
measurement, it cannot be the entire story. At this stage,
we must also change the language which we use and con-
vert our quantum observer into a classical observer.'!
However, this “translation” cannot be one to one: The po-
sition of the pointer is finally recorded as a single, definite
number, not as “either O with probability |(1 — P)y|? or 1
with probability | P¢|.” This necessarily imperfect transla-
tion is the root of all the epistemological difficulties related
to quantum theory. The theory works in a way which is
essentially statistical: It predicts the probabilities of var-
ious events, under well-defined experimental conditions.
But in our consciousness (in the records taken by our ap-
paratuses) there is only a single world. Each event is
unique."?

Could there be a better theory, describing individual
events?

II. THREE WISHES FOR A THEORY

The genie, freed from an uncorked bottle, granted us
three wishes for a better theory. What could we reasonably
request?

A. Determinism

The theory should be deterministic, or at least cryptode-
terministic. In principle, the outcome of a perfectly con-
trolled experiment should be predictable. In practice, we
may not be able to make full use of this determinism, be-
cause of inadequate control of some of the variables (e.g.,
the position of every atom in the classical kinetic theory of
gases) and our predictions may have only a statistical char-
acter. However, the underlying reality is fully determinis-
tic.

B. Verifiability

Experimental verification should be contingent. In parti-
cular, if several experiments are deemed mutually incom-
patible by the theory, the observer may perform any one of
them. Which one is actually performed may be arbitrarily
chosen by the free will of a human observer, or by any other
random process such as an atomic decay in a computer
controlled experiment.

C. Universality

The theory should be universal. In particular, it should
apply to any piece of laboratory hardware.
Each one of these three wishes seems reasonable, yet
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Fig. 1. Three wishes and their consequences.

they are obviously incompatible (see Fig. 1). The remaining
sections of this paper consider the fulfillment of any two of
the three wishes.

II1. A AND B: OBJECTIVE HIDDEN VARIABLES

If observers enjoy the privilege of immunity from the
laws of the deterministic theory, we may get a logically
consistent scheme'*!* albeit not a universal one. (For ex-
ample, celestial mechanics is deterministic and puts no re-
strictions on our ability to measure the positions of planets
and asteroids, but celestial mechanics does not explain the
functioning of telescopes and photographic plates, nor was
it intended to.) ‘

On the other hand, we may believe that apparatuses are
made of atoms and that their macroscopic behavior should
be reducible to that of their constituents. There is nothing
in quantum theory making it applicable to three atoms and
inapplicable to 10%°. If we are going to forego the third
wish, we should explain what makes observers (i.e., mea-
suring apparatuses) essentially different from other phys-
ical objects. As a tentative explanation, it could be argued
that since observers are very big, it is impossible to isolate
them from the rest of the world.'*> Any information trans-
fer to or from the observer is associated with an energy
transfer incomparably larger than the spacing of the ob-
server’s energy levels. The evolution of the observer thus is
essentially that of an open system.'® It cannot be complete-
ly reduced to that of its elementary constituents. Only a
microscopic system, having a few constituents, can be ap-
proximately isolated from outside influences during at
least a finite lapse of time.

This argument, when applied to quantum theory may
well contain the clue about the ultimate resolution of the
measurement paradox. For instance, one may show that
presence of the environment determines a preferred pointer
basis in the quantum apparatus.'” The pointer of such an
“open” apparatus can be observed only in one of the states
of the pointer basis, and not in their superposition. This is a
consequence of the interaction between the apparatus and
its environment which continuously destroys the relative
phase between the states of the pointer basis and “col-
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lapses” the state of the apparatus into one of the states of
that basis. Of course, any explanation which derives the
stochastic nature of observers from their interaction with
the environment forces one to reassess the methodology at
the very basis of our considerations, namely, the separabil-
ity of the world into the system, the observer, and the rest of
the world.

In fact, nonseparability plagues cryptodeterministic the-
ories in an even more spectacular way. Bell’s theorem,
which is a formal statement of the EPR paradox,'® asserts
that the outcomes of measurements by one observer cannot
be independent from actions taken by another observer,
located at an arbitrarily large distance. This result, which
has been hailed as “the most profound discovery of
science,”?° deserves a careful scrutiny in the light of the
preceding remarks. '

There are many ways of proving Bell’s theorem?'~%* of
which the following is best suited for our purposes: Consid-
er a physical system consisting of two widely separated
subsystems, having interacted sometime in the remote
past. An observer examining one of the subsystems has the
choice between two mutually incompatible procedures: he
can either measure a variable 4 with possible results
a = + 1, or a variable C with possible resultsc = + 1. A
second observer examines the other subsystem and has
likewise the choice of measuring either B (with result
b= + l)or D {withresultd = + 1). At the times of these
measurements the two observers are unaware of each oth-
er, e.g., they are mutually spacelike.

Each one of these observers may thus consider the other
one as belonging to the rest of the world and its actions as
irrelevant. For example, the result a = 1 obtained by the
first observer should not depend on whether the second one
measures (has measured, will measure) B or D.

There are therefore four possible experiments, namely,
measuring 4 and B, or 4 and D, or C and B, or C and D.
Only one of these experiments is actually performed, but
the results of the other ones are quite definite, although
they cannot be known to us (this is the assumption of cryp-
todeterminism). These experiments are repeated many
times. For the jth run, we trivially have

la;(b; +d;) + ¢;(b; — d;)|=2, (3)
and therefore on the average

[ab) + (ad ) + (cb) — {cd )|<2. (4)

(This is Bell’s inequality.) However, although the indivi-
dual results a;,--,d; are unpredictable, their correlations
(ab ), {cd ) are average values which can be computed by
quantum theory, or any other valid theory, or can actually
be measured experimentally, irrespectively of any theory.?*
Now, it is not difficult to prepare situations where the ine-
quality (4) is violated, so that the identity (3) cannot be valid.
be valid.

This remarkable result is often construed as a proof of
violation of separability in the real world. It has even been
suggested that there is an advanced potential or a tachyon-
like “influence” relating the various observers.”*?® The
most amazing property of this influence is that it affects
only individual outcomes, but never averages or correla-
tions. An entirely new kind of physics seems to appear here
and has even been invoked in support of parapsychology!?®
It is therefore important to remember the precise domain of
validity of Bell’s theorem: its proof requires the observed
system to be deterministic, while the observer is not.°
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IV. A AND C: ABSOLUTE DETERMINISM

‘Renouncing our second wish (the possibility of choosing
experiments) makes the world completely incomprehensi-
ble. To analyze an experiment which we perform, we would
first have to analyze our own brain. As stated by Bell,*'
“separate parts of the world would be deeply and conspira-
torially entangled, and our apparent free will would be en-
tangled with them.” This “totalitarian theory” has, how-
ever, onc advantage—we cannot write the troublesome Eq.
(3) because only one of the four different experiments can be
performed and, given all the necessary initial data, it is the
theory itself which determines which one. The other three
experiments are not legitimate alternatives.

Paradoxically, we also have kind of complete determin-
ism in Everett’s “relative state” interpretation®>** of quan-
tum theory, which is the statistical interpretation® taken
literally: The wave function describes an infinite multitude
of noninteracting worlds, and everything which may hap-
pen, does happen. The wave function never collapses, but
some of the worlds bifurcate and evolve in different ways.
(Determinism of course holds only for the super-Universe
including the totality of these worlds, not for each world
separately.) Here too Eq. (3) causes no difficulty. All four
experiménts are performed in some worlds, but incompati-
ble experlments happen in different worlds. In particular
the g; in the worlds where we measure A and B need not be
the same as the g; in the worlds where replicas of ourselves
measure A and D

The difficulty in Everett’s theory is not its extravagant
profligacy (which costs nothing) but the ambiguity in what
constitutes different worlds. The arguments and counter-
arguments following Eq. (2) now acquire a crucial impor-
tance. In the absence of a precise criterion to distinguish
experimentally a coherent superposition from a mixture, it
is impossible to decide whether or not the world has split.

V.B AND C: QUANTUM THEORY AGAIN

By now, the difficulties which led us to wish *“better”
theories may appear less terrible than their alternatives. In
this section, we show how a consistent scheme can be devel-
oped in spite of the elusive nature of the observer. The point
is that any apparatus (designed to function as an observer)
can be described by quantum theory and made to interact
in the fashion described by Eq. (1). However, this quantum
description is valid only when the system to which it is
applied is considered isolated. Moreover, applied to the
apparatus it allows a superposition of different apparatus
states and so precludes this apparatus from acting as the
observer.'” Such an apparatus can be then observed by an-
other apparatus, for which the theory gives no dynamical
description, only the probability rules.

It does not matter whether the “true observer” is a grain
of silver bromide, or Schrédinger’s cat,> or Wigner’s
friend*® or Wigner himself observing his friend, as long as
this observer is not described by quantum theory and, in
particular, is not in a superposition of macroscopically dif-
ferent states. Nevertheless, quantum theory is universal. It
applies to the grain of silver bromide, to the cat, etc., but
under the condition that they lose their status of observers
and have to be observed by something or someone else.
Equations of quantum theory do not suggest any hierarchy
of observers; in the EPR situation, ' each observer can con-
sider the other one as part of his “apparatus.”
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Thus although quantum theory is universal, it is not
closed. Anything can be described by it, but something
must remain unanalyzed. This may not be just a flaw of
quantum theory: It is likely to emerge as a logical necessity
in any theory which is self-referential, as it attempts to de-
scribe its own means of verification. In this sense it is analo-
gous to Godel’s undecidability theorem*®*’ of formal num-
ber theory: the consistency of the system of axioms cannot
be verified because there are mathematical statements
which can neither be proved nor disproved by the use of the
formal rules of the theory, although their truth may be
verified by metamathematical reasoning..

Finally, let us examine the status of the troublesome Eq.
(3) in a theory where individual outcomes are genuinely
random and not due to some underlying deterministic rea-
lity. In that case, it is not legitimate to mix in the same
equation the results of real experiments and those of coun-
terfactual ones. The mathematical symbols representing
the latter are devoid of any meaning. These unperformed
experiments have no results.***° Of course, nobody can
prevent us from dreaming about their results, had they
been performed; but then, in such a dream, there is no rea-
son to request that the correlations of Eq. (4) be those of
quantum theory, since quantum theory itself precludes ob-
serving these correlations. Therefore there is no contradic-
tion possible, nor any proof of nonseparability.

VI. CONCLUSION

In Sec. T of this paper, we listed specific complaints
against quantum theory. In Sec. II we were given the free-
dom to imagine a “better” theory. The alternatives, dis-
cussed in Sec. III and IV, turned out loaded with concep-
tual difficulties even more serious than those of quantum
theory itself. We then returned to quantum theory in Sec. V
and we conclude that although it can describe anything, a
quantum description cannot include everything. Whenever
we place the interface between the quantum world and our
experimental records, this interface is either an abstract
probability rule with no physical description, or it must
have two incompatible descriptions, one quantized and one
classical, and it is the “translation” between them which is
probabilistic.
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